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Work like you don't need money
Love like you've never been hurt
And dance like no one is watching
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The Golden Mode

10451 [1995. 360]. Proposed by Joaquin Gomez Rey. 1.B. "Luis Bunuel”, Alcorcon (Madrid), Spain. In the story
below, m. n, andr are integers with 0<=r<=m<=n.

"Once upon a time,  three lived a miserly king who had m gold coins and n silver ones. One day , he put n+r
coins in his righ tpocket, an dthe remaining m-r coins in his left pocket. For the rest of his life, it was his
pleasure, once each day, 1o take a coin at random from each pocket, privately admire the two coins, and then
return each to the opposite pocket. In other ways, he was a good king and lived happily in his castle for many
vears, Inall those years, o one ever knew how many gold coins were in his left pocket on any particular day.”

Determine the most likely number of gold coins in his left pocket in the long run..

"We Can't Go On Meeting Like This”, Said the Parabola to the Polygon

10455[1995, 464).Proposed by Zachary Franco, Texas A&M University, Kingsville, TX.

It is easily seen that a parabola can intersect a circle in at most 4 points.

Show that there is a number R such that a regular polygon (of any number of sides) can intersect a parabola in at
most R points.

*Find the smallest R with this property.

(mem 3 07)
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KEY TO 10451

)(m«rﬂ)/(Z)‘ If (r,m,m)# (0,1,1), then the most likely number is| k | ,when k is not an integer,
and k and k-1,which are equally likely, when k is an integer. If (r,m,n) = (0,1,1), then there is no limiting distribution .

Label the gold coins {1, -+ s mjand the silver coins {m+1, =+e + mtn} Consider the graph whose
vertices are the (m-r) -element subsets of {1, *++- Jm+n} corresponding to the possible coin sets in the left pocket,
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and whose edges are induced by the possible transfers . This is a connected regular graph , and if (r,m,n) = (0,1,1),
it is not bipartite. Thus the induced random walk is acyclic and ergodic, so the distribution of subsets converges to a
unique limit independent of the initial state. Since every edge traversal has probability 1/((r+r)(m-r}), the transition
matrix is doubly stochastic . Therefore the limiting distribution on subsets is uniform. Hence in the limit, the
probability that there are 5 gold coins in the left pocket is

o2 () /()

Since
P(s+1) - (m~sYm-r-s)
P(s) (s+D(n+r+s+1-m)

(n+m+2)s-(m2 +m-rm-n-r-1)

(s+D(n+r+s+1-m)

Is greater than | cxact!ywhcns<(m2 +m—rm-n~r—i)/(n+m+2)=k~1.themaximumoccurs

ats= Lk_!

KEY TO 10444
Choose #€ ¥. Denote its mean I Y(x) dx by /. We take 0=1/1-—27anddeﬁnc W, eV by v,

(x)=0 when0<x< a and ¥, (x)=xwhen a<x<1.Then ¥ = W.Wealsohavc

f (v, 20 v @) ax= f Gy, 0-viw)a

> Ix(!/l, W -V @) ) d= £ ZWdr 20

Where Z(JFI (v, ) -¥ (5) ) ds. Since ¥ (x) is nonmegative, F(¥) < F(Y,)forall Ve V.
Now F(W,)is easily calculated to be 1/12+a 2/2= a /3= o */ 4, which attains its maximum at a=

(/5 =1 )/2 ,the maximum value being 5( 1~ a )/ 12=5(3 =5 ) 24.
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